This paper presents a theoretical background and an example of extending the Euler-Bernoulli equation from several aspects. Euler-Bernoulli equation (based on the known laws of dynamics) should be supplemented with all the forces that are participating in the formation of the bending moment of the considered mode. The stiffness matrix is a full matrix. Damping is an omnipresent elasticity characteristic of real systems, so that it is naturally included in the Euler-Bernoulli equation. It is shown that Daniel Bernoulli's particular integral is just one component of the total elastic deformation of the tip of any mode to which we have to add a component of the elastic deformation of a stationary regime in accordance with the complexity requirements of motion of an elastic robot system. The elastic line equation mode of link of a complex elastic robot system is defined based on the so-called "Euler-Bernoulli Approach" (EBA). It is shown that the equation of equilibrium of all forces present at mode tip point ("Lumpedmass approach" (LMA)) follows directly from the elastic line equation for specified boundary conditions. This, in turn, proves the essential relationship between LMA and EBA approaches. In the defined mathematical model of a robotic system with multiple DOF (degree of freedom) in the presence of the second mode, the phenomenon of elasticity of both links and joints are considered simultaneously with the presence of the environment dynamics -
Introduction
Modeling and control of elastic robot systems has been a challenge to researchers over the past two decades.
In paper [1] , the control of robots with elastic joints in contact with dynamic environment is considered. In [2] , the feedback control was formed for the robot with elastic links (two-beam, two-joint systems) with distributed flexibility, robots with elastic links being also dealt with in [3] . In paper [8] a nonlinear control strategy for tip position trajectory tracking of a class of structurally flexible multi-link manipulators is developed. Authors of papers [10] and [11] derived dynamic equations of the joint angle, the vibration of the flexible arm, and the contact force. The paper [12] presents an approach to end point control of elastic manipulators based on the nonlinear predictive control theory. [14] [15] presents method for the generation of efficient kinematics and dynamic models of flexible robots. In [17] author discusses the force control problem for flexible joint manipulators. In paper [18] the authors extend the integral manifold approach for the control of flexible joint robot manipulators from the known parameter case to the adaptive case. The author of paper [19] designed a control law for local regulation of contact force and position vectors to desired constant vectors. In paper [20] different from conventional approaches, authors focus on the design of rigid part motion control and the selection of bandwidth of rigid subsystem.
Work [21] presents the derivation of the equations of motion for application mechanical manipulators with elastic links. In [22] the equations are derived using Hamilton's principle, and are nonlinear integrodifferential equations.
The formulation is based on expressing the kinetic and potential energies of the manipulator system in terms of generalized coordinates. Method of separation of variables and the Galarkin's approach are suggested in paper [23] for the boundary-value problem with time-dependent boundary condition.
Our paper presents in detail the procedure of the theoretical implementation of stiffness characteristic to the mathematical model of an elastic robot system. This realistic characteristic of the material of any mode is included through the example of multiple DOF robot mechanism modeling. We also deal with many other phenomena that are part of the nature of elastic robot systems.
We mention details of research done so far (over the preceding 20 years).
The mathematical model of one DOF mechanism with an elastic joint was defined by Spong in 1987 [16] . The same principles are applied in this paper to introduce joint elasticity in the mathematical model.
As far as the introduction of link elasticity in the mathematical model of a robot system is concerned, it is necessary to point out some problems of a physical nature in this field.
In the previous literature [24] , [25] , [26] , [27] , [28] , [31] the general solution of the motion of an elastic robotic system has been obtained by considering elastic deformations as transversal oscillations that can be determined by the method of particular integrals of D. Bernoulli.
As known, an elastic deformation of a body under consideration may be caused by:
1. disturbance forces, which cause the oscillatory nature of motion 2. stationary forces, which cause the stationary nature of motion.
Thus, any elastic deformation can be presented by superimposing particular solutions of the oscillatory character of D. Bernoulli and stationary solution of the forced character (See Section III and IV of this paper).
• No relationship between LMA and EBA has been established in the literature. Moreover, an attitude has been formed that these two approaches should be treated in different ways. LMA is taken to be standard and obsolete. Work relying on this approach is seen as having no importance, because in this area everything "has already been done". On the other hand, EBA is viewed as an approach that should be in the focus of authors' interest.
• In this paper we have shown that facts differ essentially from what has been accepted: EBA (used in [24] . . . ) treats an elastic beam as a system with an infinitely large number of the degrees of freedom, whereas the choice of a ordered shape of an elastic line is equivalent to the introduction of subsequent connections that reduce the number of the degrees of freedom. It permits analyzing the shape of an elastic line of every mode during task performance. When LMA (used in [5] , [6] . . . ) is applied, the addition of modes increases the number of the degrees of freedom. It permits analyzing the motion of the tip of every mode only. LMA appears to follow directly from EBA, i.e., it is, essentially, just a special case of EBA. Lacking the information on which of these two approaches was developed first, we think that neither of these two methods is superior or inferior -they are "equal" methods treating the same problem from various standpoints. A mathematical method obtained by any method should satisfy the elementary structure of elastic mechanism models known from the literature [32] .
Of course, we agree in some points with the approach taken so far in the analysis of elastic robot systems. We agree in reference trajectory definition.
-First detailed presentation of the procedure for creating reference trajectory was given in [7] . This especially important result has widely opened up the possibility to the application of different control laws, as well as to the possibility of controlling the position and orientation of elastic robot tip in space. In [26] , this has been realized for robotic system with one elastic joint and rigid link, and separately for the system with one rigid joint and one elastic link.
-In our paper the reference trajectory has been synthesized for example which includes elastic joints and links and the presence of environment force. The reference trajectory is calculated from the total dynamic model, when robot tip tracks a desired trajectory in a reference regime in the absence of disturbance. Elastic deformations (of elastic link and elastic joint) exist on a reference level as well in the case when a robot moves along a reference trajectory in a reference regime. With a reference trajectory defined in this way it is possible to apply a very simple control law through PD local feedback and this, in turn, ensures tracking the robot tip in the Cartesian coordinate space.
As far as a robot working regime is concerned, we think that all of the present forces should participate in the formation of elastic deformations and that it is a rough approximation to assume that elastic effects are generated by gravitation forces only, or by environment dynamics force only [9, 10] or to neglect completely Coriolis' and centrifugal forces and thus make the elastic deviations so small that they do not affect the inertia matrix [13] .
Let us emphasize once again that in this paper:
we propose a mathematical model solution that includes in its root the possibility for analyzing simultaneously both present phenomena -the elasticity of joints and the elasticity of links, the idea originated from [4] but not on the same principles, 2. we show how the continuously present environment dynamics force affects the behavior of an elastic robot system.
See papers [33] - [37] . The analysis of the Euler-Bernoulli equation is given in section 2 while section 3 presents, in general, the ideas for extending the Euler-Bernoulli equation by a damping component as well as an expansion of its solution by the component of a stationary solution of a forced nature. These new ideas are explained in more detail in section 4 . In section 5 we analyze a multiple DOF robot mechanism with elastic joints and elastic links in the presence of environment force dynamics. Concluding remarks are presented in section 6.
Analysis of the Euler-Bernoulli equation in source shape
A disturbance of the equilibrium state of an elastic body will result in motion, i.e. vibration of particles. This motion is transmitted through the body causing a wave process whose characteristic is that the same disturbance state prevails in each place of the elastic medium, but with a delayed phase. The equation of the elastic line of a beam bending has the following form:
Where: 
c 1,1 is the wave propagation velocity. Equation (3) follows from equation (1), after performing differentiation and assuming that the flexion force is opposed by the inertia force. The general solution of motion (see Fig. 1 ), i.e., the form of transversal oscillation of elastic beams may be found using the Daniel Bernoulli's of particular integrals method in the form:
(4)
p 1,1 is the circular frequency. k (1, 1) and C 4, (1, 1) , are constants determined from the boundary conditions of mode, and constants A 1,1 and B 1,1 are determined from the initial conditions of motion. By superposing particular solutions (4), any transversal oscillation may be presented in the following form:
Source equations (1-7) are of special importance for the analysis of elastic bodies.
Remark I: Equations (1-7) should be expanded by a brief explanation, which we take for granted but is not included in source literature [32] . The authors have written equation (7) 
in a visionary way, without defining the mathematical model of a link with an infinite number of modes whose solution is equation (7). It seems they have left this task to their followers. The transversal oscillations given by equation (7) describe the motion of an elastic beam to which we have assigned an infinite number of degrees of freedom (modes) and which we may describe by a mathematical model defined with an infinite number of equations of the form:
The dynamics of each mode is described by one equation. Contrary to today's interpretations by the authors of numerous papers, equations given in model (8) are not equal in structure. In our opinion, differences between the equations of model (8) 
Extension of the Euler-Bernoulli equation A. Damping component
Any elastic body, when exposed to external forces, is deformed -it elongates, shortens, bends, twists, depending on the position and direction of forces acting on it. Only transversal deformations of the prismatic beam will be analyzed in detail in this paper. The point of application of forces displace in time, so these forces perform certain work on this path. Work is opposed by:
• the potential energy of the elastic body, which depends on the stiffness characteristic and flexure, and
• the dissipation energy, which depends on the damping characteristic and flexure change velocity.
The presence of dissipation energy is especially expressed in an oscillatory regime, while its presence is minimal in a stationary regime, when displacement velocity of the material particles of an elastic body with respect to an equilibrium position is minimal. To include the damping effect into analysis, source equation (1) should be extended as follows:
η 1,1 is a factor characterizing the share of damping in the total elasticity characteristic.
B. Whole solution of elastic line
We will consider one more aspect of the expansion of the previously defined source equations (1-7). Bernoulli's equation (4) (5) (6) describes the nature of the motion of real elastic beam only partially. More precisely, it is only one component of motion.
As has already been stated, equations (1-7) have been defined assuming that the elasticity force is opposed by the inertia force only. In addition, it is assumed, by definition, that motion in equation (1) is caused by a suddenly added, and then removed, external force. Daniel Bernoulli's solution (4-6) satisfies these assumed conditions.
To be applicable to a wider analysis of elastic bodies, equations (1-7) should be supplemented by expressions that follow directly from motion dynamics of elastic systems.
• disturbance forces, which cause the oscillatory nature of motion
• stationary forces, which cause the stationary nature of motion.
By superposing the particular solution of oscillatory nature, and the stationary solution of forced nature, any elastic deformation of a considered mode may be presented in the following general form:
T st1,1 (t) is the stationary part of elastic deformation caused by stationary forces that vary continuously over time. 
New form of elastic line model and new form of elastic line solution
An elastic beam is made of a certain material characterized by stiffness and damping. The points of working of forces, acting on an elastic beam, displace in time, so these forces perform certain work on this path. A partion of this work transforms into the potential energy E pels1,1 and another into the dissipation energy Φ pels1,1 of elastic body. The energy balance is:
To emphasize the elasticity effects, in this analysis the kinetic energy of elastic body motion is included in expression A d1, 1 .
Upon a slow change in the load of an elastic body by forces, for example in a stationary state, when the velocity of a change in the position of elastic body material particles, with respect to the equilibrium state of the same body, is slight, dissipation energy Φ pels1,1 can be neglected.
There is no such a case in robotics. Because of the possible disturbances during robot task performance, the velocity of a change in the position of elastic body material particles with respect to the equilibrium position can be considerable; therefore Φ pels1,1 can have a considerable share in the total energy balance given by equation (11) . What follows from this is that the work of external forces upon a dynamic load of an elastic body is equal to the action of change in the potential and dissipation energy of deformation. This means that the potential and dissipation energy may be expressed and calculated using the work of external forces. A body that has accumulated potential or dissipation energy is in a tension state, so the internal forces tend to return the body to an equilibrium state. The potential and dissipation energy of deformation may also be referred to as deformation work. The deformation work caused by the action of all present forces is denoted in this paper by A d1,1 .
Load force F 1,1 is consumed on the opposition to stiffness force F
or on the opposition to damping force F φ 1,1 of elastic mode.
C s1,1 is the stiffness characteristic and B s1,1 is the damping characteristic. The elementary potential energy resulting from the present stiffness of elastic body is:
Integration yields:
The elementary dissipation energy due to the present damping of elastic body is:
From this analysis we may conclude that elastic line equation (1) may be expanded by the damping characteristic of elastic body, as defined by equation (9) . The general solution of the motion of elastic body, described by equation (9) , is defined by equation (10) . Let us consider this in more detail.
In addition to the Bernoulli's solution defined by equation (5), the geometry of a bent link may also be defined by the following procedure.
A. Simple example with a detailed explanation
It should be noted that the shape of elastic line depends on constant and time-varying factors:
-constant: the geometrical characteristics of the link and the characteristics of the material the link is made of -time-varying: the type and level of load during robot task performance.
The load moment for the any point of first mode may also be expressed in the form of equation:M
From equation (9) it follows that:
If the coordinate system is set as shown in Fig. 2 , the differential equation of elastic line is defined by:
Doubly integration gives:
Constants C 1 and C 2 are determined from the boundary conditions defined for console.
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By introducing C 1 and C 2 into equations (21) and (22), we obtain:
Equations (23) and (24) determine the position and orientation of the elastic line of the mode considered in each its point.
For x 1,1 = l 1,1 , when y 1,1 = y max 1,1 , henceẏ 1,1 = 0 it follows that from equations (23) and (24): 
. The rotation angle of the mode considered ω 1,1 can also be defined [29] . This angle plays an important role in the dynamics of elastic robot systems.
The stiffness characteristic for the tip of first mode is designated from equation (27) as
N / m , maximal deflection is r 1,1 .
At the moment when the elastic body tip passes through the equilibrium position, y 1,1 = 0 holds (the potential energy of elastic body equals zero), and the tip displacement velocity isẏ 1,1 (the dissipation energy of elastic body is finite) then:
From this condition we may calculate the damping characteristic
The elasticity moment, which is defined by ε 1,1 and which opposes the load moment M 1,1 , is
Generally speaking, we also know that the tip of the mode of an elastic robot link is affected by:
• disturbance forces, which cause the oscillatory nature of motion, and
• stationary forces, which cause finite, stationary deformations.
The total force causing elasticity may be expressed, in terms of its components, by:
The stationary part of elasticity force component is F st1,1 which varies continuously over time and, depending on its intensity and direction, causes the stationary component of flexure r st1,1 .
F st1,1 according to Rayleigh [29] , contains two components:
W u (1,1) is the force of the load concentrated on beam tip, and
is the force caused by beam eigenweight, wherew 1,1 · g is beam weight per unit length. The assumption that the stationary state of beam is its horizontal position that coincides with axis x 1,1 is unrealistic. This axis may coincide with a horizontal straight line around which the elastic beam oscillates only if gravitation load is neglected, and this represents a completely idealized case.
∆F 1,1 is a disturbance force, whose action may be momentary or permanent. It causes the oscillatory component of elastic mode motion, which is described by equation (6) .
We know that at a moment t p the action of disturbance force causes an additional flexure r to1,1 (t p ), see Fig. 2 .
Force ∆F 1,1 has been removed and the body continues oscillating. Equation (6) describes the oscillatory nature of motion.
If oscillations are caused by an external force ∆F 1,1 that has been added and immediately removed, elastic mode oscillations then take place around the position of the stationary state. See Fig. 3 .a. Position "B" is defined by a stationary load force F st1,1 . When beam is at rest, F st1,1 is raised only by gravitation force. Position A, B is the stationary position of the elastic line of the first mode. In this case, oscillations take place around position A, B in the range from A, B ↑ A, +B toA, B ↓ A, −B . Position B is defined by the load force F 1,1 which represents the sum of stationary load force and disturbance force F 1,1 = F st1,1 + ∆F 1,1 at the moment of disturbance.
However, if the disturbance force acts on a robot system in a longer period, oscillations then take place around a new stationary position A, C in the range from A, C ↑ A, +C to A, C ↓ A, −C . See Fig. 3b . Position C is defined by the total load force F 1,1 . By analyzing equation (23) we will notice that it contains two components, so its solution may be written as follows:
ComponentX 1,1 (x 1,1 ) describes a possible geometrical relation betweenŷ 1,1 andx 1,1 . ComponentT 1,1 (t) describes the dependence of flexureŷ 1,1 on elasticity force F 1,1 , which is the only time-varying quantity in expression (35) .
By combining the particular solution of the oscillatory nature of motion, the stationary solution of the forced nature of motion and the geometry of elastic line of the mode considered, we may obtain the general solution of the motion of the first mode.
By superposing solutions (10), any elastic deformations of an elastic link with an infinite number of degrees of freedom may be presented in the following form:
Simulation example and results
Robot starts from point "A" (Fig. 4) and moves toward point "B" in the predicted time T = 2 [s]. Dynamics of the environment force is included into the dynamics of system's motion [30] . The adopted velocity profile is trapezoidal, with the period of acceleration/deceleration of 0.2 · T .
The same example analyzed as in paper [34] only with some what different parameters environment.
Parameters of the environment are: As a position control law for controlling local feedback was applied, the tracking of the reference force was directly dependent on the deviation of position from the reference level (see Fig. 6 ).
The gear deflection angle ξ is given in Fig. 7 . The elastic deformations that are taking place in the vertical plane angle of bending of the lower part of the link (first mode) ϑ m , as well as the angle of bending of the upper part of the link (second mode) ϑ e are presented in Fig. 8a ., whereas elastic deformations taking place in the horizontal plane: angle of bending of the lower part of the link (first mode) ϑ q as well as the angle of bending of the upper part of the link (second mode) ϑ δ are given in Fig. 8b .
As the rigidity of the second mode is about ten times lower compared with that of the first mode, it is then logical that the bending angle for the second mode is about ten times larger compared to that of the first mode.
Conclusions
In order to analyze the behavior of an elastic robotic system it is necessary to significantly expand the original form of:
• Euler-Bernoulli 's equation, as a direct consequence of the forces involved, and
• the particular integral of Daniel Bernoulli.
Based on the known laws of dynamics, the Euler-Bernoulli equation should be supplemented by all forces participating in the formation of bending moment of the considered mode. It is assumed that coupling forces of the present modes (inertial, Coriolis and elasticity forces) are also involved. This yields structural differences between Euler-Bernoulli's equations for each mode. The stiffness matrix is a full matrix. Only a stiffness characteristic has been attributed to an elastic beam in the literature so far. Realistically, both stiffness and damping characteristics are present in the elastic beam. Apart from stiffness characteristic, damping characteristic has been included in the Euler-Bernoulli equation for the first time. Its presence in the mathematical model of an elastic line of a mode considered is argumented theoretically. The shape of elastic line follows directly from motion dynamics of the complete system. Apart from the damping of an elastic link, a variety of other phenomena involved in the motion dynamics of these systems are also analyzed in the paper.
A general form of a transversal elastic deformation is analyzed and defined, which has been obtained by superposing the solution of oscillatory nature (Daniel Bernoulli's solution) and the stationary solution of forced nature. The example of a multiple DOF mechanism is used for defining the elastic line equation of first link based on the so-called EBA. It is shown that the equilibrium equation of all the forces present at mode tip point follows directly from the Euler-Bernoulli equation. This means that LMA is just a special case of EBA.
A dynamic model of an elastic robot system has been defined. A mechanism has been modeled and simulated in the presence of the second mode. Environment force dynamics has been implemented in the dynamics of the behavior of an elastic robot system with elastic link and elastic joint simultaneously. Even when a very simple control law is applied, proper tracking of reference trajectory is achieved. 
